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SUMMARY 
 
In 2004, the paper of Stefan Medwadowski on “Buckling of Concrete Shells: An Overview” [16] presented an 
excellent overlook over the state-of-the-art of classical stability methods and its application to concrete shells. 
The respective algorithms in finite-element-method have only been touched, but not discussed in detail. The 
present paper will give a review of former and new developments in the numerical simulation procedures of 
buckling phenomena. On one hand, the progress in the development of numerical tools to simulate nonlinearity 
in concrete structures is significant. On the other hand, there is still a vital need for engineering experience and 
imagination in order to interpret and value the results correctly. Thus the present paper will consecutively fit to 
the Medwadowski paper [16]. Besides a more realistic consideration of material nonlinearity in reinforced 
concrete composite as well a more practical numerical approach will be given. 
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1. INTRODUCTION 

The paper [16] was concentrated on the analytical 
procedure to describe the buckling mechanism of 
concrete shell structures. The progress in describing 
and evaluating of buckling loads of concrete shells 
started already in the Seventies. The analytical 
methods have the advantage to use few diagrams 
and more or less simple formulas to analyse the 
global (acc. Kollar) or local (acc. Mungan) buckling 
load of a shell. The main disadvantage is the limited 
applicability. This only allows the prediction for 
some theoretical cases, but is not appropriate for 
complex shell structures with non-symmetric 
boundary conditions and/or loadings. 

The present paper describes an approach to find 
more realistic buckling loads for various shell 
structures. This approach is developed as an 
alternative to a time-consuming, fully nonlinear 
analysis. It will show a procedure to evaluate 
realistic buckling loads and corresponding mode 
patterns with less effort, but still considering the 

nonlinear concrete behaviour by assuming adequate 
concrete damage. This might be helpful for the 
designing engineer to test the structure against 
buckling failure during the design phase and to 
evaluate the optimal shape of the shell.  

2. FINITE ELEMENT FORMULATION  

For the discretization of a shell structure within the 
scope of a finite element model, an isoparametric 
four-noded finite element (ASE4-element) [18] 
formulated in Reissner-Mindlin theory has been 
taken. The shell element is formulated as an 
assumed-strain element to avoid locking effects 
[22]. For the realistic description of the nonlinear 
material behavior of the material concrete it is 
necessary to get information about the stress and 
strain distribution over the height of a cross-section. 
Thus the layered shell element approach, as it was 
used in [24] for a different element approach, has 
been adopted in the following. The different layers 
can describe both the concrete and the 
reinforcement steel layers so that the stiffness of the 
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cross-section is considered realistically. To receive 
the overall stiffness matrix of the structure, which is 
the central purpose of each finite element analysis, 
the multi-level strategy [11] (figure 1) is used. This 
allows the description of the material behaviour on 
the level of the material point and the improvement 
of the model for various material properties. 

An extremely important issue in buckling analysis 
is the precise simulation of geometric imperfections 
of a shell structure. In general, these imperfections 
lead to a drastic reduction of the overall buckling 
load so that they have to be considered close to 
reality. For this purpose an artificial displacement 

vector is added to the perfect geometry, and 
considering this vector all relevant geometric 
properties will change and have to be defined new. 
At the beginning of an analysis it is not easy to 
identify the most conservative pattern of this 
additional imperfection vector with respect to 
lowest buckling loads. In general an imperfection 
pattern affine to the lowest eigenmode has been 
used [9], but some actual publications have been 
shown that this assumption might not necessarily be 
the worst imperfection pattern in any case [7]. 
Nevertheless this approach has proved to be a good 
starting point so that it was applied for the 
following investigations, too. 

 
3. ELASTO-PLASTIC MATERIAL MODEL 
FOR HIGH STRENGTH CONCRETE UNDER 
CONSIDERATION OF DAMAGE 

The recent progress in the development of high 
strength concrete was one of the main motivations 
for the presented research work. To describe the 
material properties of this kind of concrete many 
experiments have been performed in various 
research centres in the near past. These experiments 
serve as a source of each material description and 
lead to the specific regulations in international and 
national code. In Germany the new code DIN 1045-
1 for concrete structures has been installed in 2001 
[8]. In this code the use of nonlinear analysis 
methods has been regulated for the first time in 
Germany. 

For numerical modelling of the nonlinear material 
properties within a finite-element-system, the 
approach of [6] has been chosen in order to get a 

most flexible formulation for the material law. This 
approach transforms the mainly biaxial stress state 
of a concrete shell structure into two separate 
directions, which can be described with uniaxial 
material models, which in general are the only 
information given in code regulations. Thus the 
model assumes an incremental linear orthotropic 
stress state in the concrete. With the equivalent 
Poisson’s ratio of 21 ννν ⋅=  the material law 
results in Equation (1). 

This biaxial stress state then can be expressed by 
two equivalent stress-strain relations in principal 
stress directions. After a transformation the strains 
results in Equation (2). 

Under consideration of the biaxial fracture criterion 
of [4] the stress-strain relations can be formulated. 
The ascending branch of this uniaxial relation can 
be described by the use of [8] 
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Figure 1. Multi-level structural analysis concept 



JOURNAL OF THE INTERNATIONAL ASSOCIATION FOR SHELL AND SPATIAL STRUCTURES: IASS 

  

 

( ) cRi f
k

k
⋅

−+
−

=
η

ηησ
21

2

        (3) 

with 1cic εεη =  and cccm fEk 11.1 ε⋅⋅−= . 

(with: icε - actual equivalent strain in direction i, 

1cε - strain at maximum compressive stress, cmE  - 
mean value of Young`s modulus, cc f1ε  - 
calculated mean value of compressive strength for 
nonlinear analysis). 

With respect to [8] the descending branch can be 
modelled with a linear and a nonlinear part within 
the finite-element-analysis. This makes it possible 
to modify the slope according to the fracture energy 

cG  and the equivalent length of the finite element 

intnAl e
eq = (with eA  - area of the finite element, 

intn  - number of integration points) in every 
material point [20].  

The composite material reinforced concrete has the 
well-known ability to carry higher loads than the 
pure reinforcement layers in the cracked state. The 
residual load-carrying capacity of the concrete 
between cracks is dependent on the bond 
characteristics between steel and concrete matrix. 
To model this so-called tension-stiffening effect, 
the concept of iterative simulation according to [19] 
has been used in this analysis.  

4. NONLINEAR ELASTIC AND INELASTIC 
STABILITY ANALYSIS  

4.1 General 

In case of conservative static loading the common 
equation of motion can be reduced to the tangential 
form: 

iaT FPVK −=⋅
+

.          (4) 

This equation is the base of any nonlinear finite-
element-analysis. Here TK  denotes the tangential 
stiffness matrix, aP  the given load vector, iF  the 
inner force vector of the structure. The tangential 
stiffness matrix can be decomposed into three parts, 
the elastic stiffness matrix eK , the initial stress 
matrix σK  and the initial displacement matrix uK . 
Further decomposition with respect to linear (L) 
and nonlinear (NL) dependency on the 
displacements leads to 

.NL
u

NLL
u

L
e

ueT

KKKKK

KKKK

++++=

++=

σσ

σ      (5) 

The numerical treatment of nonlinear finite-
element-simulations and the tracing of the nonlinear 
structural response branches have been intensively 
investigated in the past [13, 21]. 

4.2 The definition of stability and criteria to 
describe the loss of stability 

In science the expression ’stability’ has various 
definitions depending on the respective faculty of 
science. In structural mechanics ‘stability’ describes 
the stable equilibrium state of a structure. This leads 
automatically to the definition of ‘loss of stability’, 
which means the change from a stable into an 
unstable state of equilibrium during the load 
history. The neutral point between stable and 
unstable equilibrium states of a structure can be 
characterized by its possible deformations. For 
stable equilibrium states a distinct displacement 
pattern exists, and additional displacements directly 
correspond to rising loads on the structure. The 
behaviour of the structure at the limit point of stable 
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equilibrium is completely different. Here the 
response of the structure due to the loading is not 
unique and at least various response paths are 
possible.  

Loss of stability at the limit point is characterized 
by two phenomena, snap-through behaviour or 
bifurcation. In both cases the nonlinear load-
displacement branch before buckling is described as 
the prebuckling state, the branch after buckling as 
the postbuckling state. To find such multiple 
equilibrium states within a nonlinear analysis, 
different algorithms and criteria can be formulated 
and checked. Equations (4,5) lead to the 
formulation of          

0VK =⋅
+

altT             (6) 

in the neutral equilibrium point. This formulation 
means that an increase of displacements is possible 
without further load increase. Equation (6) is 
fulfilled, if the determinant of the tangential 
stiffness matrix is zero. To evaluate the determinant 
of the stiffness matrix, the single values in the 
stiffness matrix in general have to be scaled in order 
not to exceed the range of computer-precision by 
multiplications. The expressiveness of the 
parameter is not high for the observation of 
reinforced concrete shell structures, because its 
decrease down to the point of neutral equilibrium is 
low. Anyway, the occurrence of the neutral state 
can be definitely identified by this parameter.  

Another observation parameter is the so-called 
stiffness parameter according to Bergan [2]. This 
parameter, described in equation (7), combines the 
actual stiffness state with the actual displacement 
state:       

iTi
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(with: iλ∆ - incremental load step, TiK  - tangential 

stiffness matrix, i

+

V  - incremental displacement 
vector, i – denotes step i). 

In case of snap-through behaviour, the parameter 
will be zero, whereas in case of bifurcation 
behaviour in the neutral equilibrium state the 
parameter will not be able to definitely identify the 
loss stability.  

Another possible criterion is the observation of the 
diagonal values iiD  of the tangential stiffness 
matrix. In the state of stable equilibrium all 
diagonal values are positive, whereas in the 
unstable state at least one value is getting negative. 
This is the reason why the authors of this paper 
have performed complete nonlinear analyses 
accompanied by the observation of all parameters 
listed in table 1.  

State of 
equilibrium 

Stiffness-
parameter

determinant 

TK  
Diagonal 

values 

stable 0≠PS  0det >TdK  0>∀ iiD
neutral  
(snap-through 
point) 

0=PS  0det =TdK  0=∃ iiD  

neutral  
(bifurcation 
point) 

0≠PS  0det =TdK  0=∃ iiD  

unstable 0≠PS  0det ≠TdK  0<∃ iiD  
 

Table 1. Parameters for identification of critical states of 
equilibrium 

 
4.3 Accompanying eigenvalue analysis 

In addition to the observation of the above given 
different parameters during the nonlinear analysis 
algorithm the following eigenvalue problem can be 
solved in each load step of the analysis: 

( ){ } 0ΨKKK =⋅+⋅Λ+ NLL
e        (8) 

The expected limit load level, in which stability 
failure occurs, can be found by multiplying the 
actual load factor with the calculated eigenvalue. 
This well-known algorithm delivers good 
estimations for elastic structures, but considering 
material nonlinearity the results in general will have 
poor quality. Anyway, points of neutral equilibrium 
can be definitely identified by this method, if 
sufficient numerical preciseness is given in order 
not to miss the lowest bifurcation point on the load 
path. 

4.4 Structural damage and its consideration 
within a stability analysis  

To describe the influence of structural damage on 
the stability behaviour, different states of 
deformation have to be defined in order to evaluate 
the incremental form of equation (5) in a similar 
way as considering geometrical imperfections. This 
is shown in detail in figure (2).  
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The decomposition of the tangential stiffness matrix 
looks like 

NL
d

L
ded

NL
ud

NL
d

L
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L
dedTd
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KKKKKK

++=

++++= σσ    (9)  

where index (d) symbolises the damage of the 
structure. 

The eigenvalue problem given in equation (8) can 
be formulated in a modified form: 

( ){ } 0ΨKKK =⋅+⋅Λ+ NL
d

L
ded .       (10) 

To simulate the material properties in different 
directions and to evaluate the modified stiffness 
matrix edK , the material law is formulated 
according to anisotropic plate behaviour. Hereby 
different properties like thickness and/or stiffness 
can be defined separately in two directions. The 
properties in both directions are coupled via 
Poisson’s ratio. Then the overall stiffness must be 
defined with the stiffness of the separate directions. 

In case of cracking the axis of inertia will be 
shifted. The value of the resulting eccentricity can 
be analysed by 
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                  (11) 

where sE  and cE  denote the Young’s moduli of 
reinforcement steel and of concrete; the other 
quantities can be taken from figure 3.  

es1

Θ3

x
tcrackhes2

as1

as2

tcrack

Figure 3. Shift of axis of inertia for a cracked reinforced 
concrete cross section 

Considering the well-known coupling terms of 
anisotropic plate theory for the characterisation of 
the interaction between tension and bending, the 
approximate state of stiffness can be determined in 
each finite element. 

The parameters, which are necessary to model the 
different stiffness characteristics, can be defined 
separately for damage-inducing strains and for the 
different material components (figure 4). The 
damage of concrete due to compression can be 
simulated according to the stress-strain law, 
applying the secant Young’s modulus dE , as 
shown in figure 4. To evaluate the overall damage 
this parameter has to be integrated over all layers of 
the cross section:  
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Figure 2. Incremental approach under consideration of initial damage 
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The description of the damage of concrete due to 
tension is much easier. Only two states of damage 
may exist. If the layer is cracked the parameter is 

1=D , whereas in the uncracked state it is 0=D . 
The overall damage of the cross-section then again 
can be evaluated by integration over cross-section 
height: 

h
thD crackten −

= .               (13) 

The damage component of the reinforcement steel 
can be defined with the help of the secant Young’s 
modulus, where  1=D  denotes the total yielding of 
the cross-section. 

max,0

0

d

dsteel

EE
EED

−
−

= .            (14) 

These damage parameters make it possible to 
reduce the stiffness of each finite element 
separately, with respect to the actual state of 
loading and the corresponding stresses.  

To identify, whether the damage has a reducing 
effect on the stiffness or not, case differentiations 
with respect to the different kinds of damage have 
to be defined. For example table 2 shows the case 
differentiation for crack damage. As a criterion the 
strains at the inner ( ( )2/h−ααγ ) and the outer 
surface ( ( )2/h+ααγ ) of an element have been 
taken. These two values define the strain state, and 
by linear transformation the stress state of the 
observed element can be delivered. For example a 
cross section has been damaged by cracks and 
should be stressed in tension again. Then both 
tensile and bending stiffness will be reduced. If the 
cross-section will be stressed in compression, only 
the bending stiffness has to be reduced, as the 
concrete cross-section can bear the compressive 
load again by closing the cracks. From a theoretical 
viewpoint this is not exact, because the bending 
stiffness will as well rise in case of increasing 
compression, but this stiffness increase is not very 
stable. In case of only small disturbances the cross-
section would loss the bending stiffness 
automatically, which from a safety point cannot be 
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Table 2. Case differentiation for crack-damage tenDα  
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Figure 4. Definition of local damage parameters 
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accepted anyway. Thus the increase of bending 
stiffness with respect to the state of compression 
will neglected. More important is to clearly identify 
the surface of the element on which the crack is 
initiated.  

With these assumptions and with the objective to 
establish a simple method to calculate buckling 
loads and modes considering damages, the 
following iterative approach has been developed:  

1. Determination of 1, =iedK  with strain state zero. 

2. Solving of 
0

11, PVK =⋅ == iied . 

3. Determination of 1, =idσK . 
4. Solving of eigenvalue problem 

( ) 0ΨKK =⋅⋅Λ+ === 1,11, idiied σ . 

5. Determination of 2, =iedK  under consideration of 

displacement state 1=iV . 
6. Solving of eigenvalue problem 

( ) 0ΨKK =⋅⋅Λ+ === 1,22, idiied σ . 
7. Solving of equilibrium equation 

0

22, PVK =⋅ == iied . 

8. Determination of 3, =iedK  and 2, =idσK  

considering the displacement state 2=iV . 
9. Solving of the eigenvalue problem 

( ) 0ΨKK =⋅⋅Λ+ === 2,33, idiied σ . 

10. Output of the eigenvalues 21, == ΛΛ ii  and 3=Λi . 

The quality of the found buckling load factors 
depends on the quality of the given damage state. 
With the help of this approach it will become 
possible to quantify the influence of damages on the 
buckling behaviour of a shell, while avoiding time-
consuming fully nonlinear numerical analyses in 
some cases. To identify the appropriate damage 
states and corresponding parameters the authors 
refer to the results of SFB 398 at the Ruhr 
University of Bochum [12]. 

Further damage effects on concrete structures can 
be initiated by the phenomena of creep and 
shrinkage, which have a significant influence on the 
overall behavior of a structure. It will not be 
considered in the present paper, but has been 
actually described in the work of [3]. 

5. BUCKLING ANALYSES OF CONCRETE 
SHELL STRUCTURES 

5.1 Axially compressed cylindrical shell 

The axially compressed shell panel is a well-known 
benchmark test for buckling analysis. The 
dimensions and boundary conditions of the chosen 
panel have been adapted from Wolmir [23]. The 
radius of the panel is taken to m33.83=R , the 
shell thickness to m10.0=t  and the concrete is 
chosen as a C100/115 with a reinforcement ratio 
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Figure 5. System and loading of an axial compressed shell panel (left) and load-displacement-curve from a modified 

stability analysis (right) 
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of %0.9=ρ . The panel can be modelled by an 8x8 
finite element mesh, considering symmetric 
boundary conditions with respect to both axes 
(Figure 5). 

Figure 5 as well gives the load-displacement curves 
for different levels of nonlinear analysis methods, in 
comparison with results of a classical geometrically 
nonlinear analysis with elastic material behaviour. 
In all cases the load has been increased 
incrementally close to the point of neutral 
equilibrium, characterized by snap-through 
behaviour. After adding a perturbation vector, the 
response path in the postbuckling range can be 
found. The magnitude of this perturbation 
significantly influences the numerical convergence 
of the solution.  

In the geometrically nonlinear, but elastic analysis 
the well-known response path with the postbuckling 
minimum on the level of 70% of the linear buckling 
load is found. 

The analysis with the nonlinear material 
characteristics yields a postbuckling minimum, 
which drops down to a level of 50% compared with 
that of the system with linear elastic material. This 
means that the postbuckling minimum is found at 
30% level of the linear buckling load. This 
minimum, which has to be interpreted as the 
ultimate limit load of the system, can be detected 
via different analysis methods. The full analysis of 
the response path is very time consuming and has a 
low convergence rate cause of the high numerical 
instability in the neighbourhood of the point of 
neutral equilibrium. This effort can be minimized 

by an analytical decrease of load when approaching 
this instability point. When decreasing the load, a 
perturbation vector is added in a similar way as in 
the full nonlinear analysis. Figure 5 shows also the 
analysed response paths for different magnitudes of 
relief and definitely demonstrates that the 
postbuckling minimum can be detected on the same 
level. This approach reduces the computation time 
and leads to a safe identification of the lowest 
ultimate load. 

In addition, the nonlinear analysis was performed 
considering geometrical imperfections. As can be 
seen in Figure 5, the response paths are smooth to 
the response path of the perfect system.  

Further investigations have been made considering 
damage effects, as described in section 4.4. The left 
part of figure 6 shows the results with different 
kinds of presumed damage states, characterized by 
the reduction of the compressive strength in the 
different αΘ -directions. Best correspondence to the 
physically nonlinear analysis can be found 
presuming a damage of 50% in both 1Θ - and 2Θ -
direction.  

Furthermore, the right part of figure 6 shows the 
results of the modified linear buckling analysis (see 
section 4.4). Here the damage state at the point of 
the postbuckling minimum, calculated by the full 
nonlinear analysis, is taken as an initial state. Even 
in the first step of analysis a good approximation of 
the ‘real’ postbuckling minimum is found. The 
following iteration step yields a value very close to 
the postbuckling minimum of the full nonlinear 
analysis.
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Figure 6. Load-displacement-curve of an axial compressed shell panel with initial compression damage (left) and results of 

modified linear stability analysis (right) 
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Result: The resulting postbuckling minimum of a 
geometrical nonlinear analysis, which has often 
been assumed as the lowest bound, will drop down 
significantly to 30 % when considering material 
nonlinearities and initial damages. Thus a safety 
factor, i.e. γ = 5.0 in the old German concrete code 
DIN 1045, ed. 1988, which has been taken in the 
past for the design of thin concrete shells against 
buckling, can be confirmed by the previous 
calculations. With this knowledge a reduction of 
this factor cannot be justified without further 
parameter studies.  

5.2 Cooling Tower Shell ‘Grand Gulf’ 

Cooling tower shells are typical thin reinforced 
concrete structures which might be exposed to 
buckling phenomena. Thus, to apply the presented 
tools and concepts, the cooling tower of the Grand 
Gulf Nuclear Power Plant, Mississippi, USA built 
in 1977 has been taken as example. Unusually, this 
cooling tower did partly collapse during its erection 
because of a tornado which hit the central crane. 
The shell was repaired and the cooling tower was 
finished, but nevertheless it has been in the focus of 
many researchers in the past. [14, 15, 17]. 

Figure 7 shows the discretization with 64x51 
ASE4-shell elements of half of the structure due to 
symmetrical boundary conditions. As well the main 
dimensions, the distribution of the original 
thickness and of the inner and outer reinforcement 
ratio over height are given there.  

First, all analyses were made with the material 
specifications of the originally used materials, taken 
from [14]. Later the calculations have been repeated 
taking the specifications of a high strength concrete 
C80/95. In this case the thickness was reduced by 

about 4 cm to get comparable results with respect to 
the critical load level. The reduction of thickness 
leads to higher stresses due to wind action, which 
results in higher reinforcement ratios. These ratios 
have been considered as well. The nonlinear 
analyses were made for the load 
combination ( )WG +⋅λ , with G – dead load, W – 
wind load and λ - load factor. 

The classical linear buckling analysis leads to a 
buckling factor of λ = 9.3 for normal concrete and λ 
= 9.6 for high-strength concrete. The corresponding 
buckling modes do not differ significantly. 

Figure 8 shows the load-displacement curves of 
both analyses considering linear and nonlinear 
material behaviour. The results with linear elastic 
material specifications show the typical snap-
through phenomenon as the relevant mode of 
failure. The corresponding displacement mode is 
characterized by a singular buckle in the region of 
the largest compressive stresses in the lower section 
of the tower (figure 9).  

In case of considering material nonlinearity the 
structure shows a completely different response. 
Again the shell’s failure is characterized by loss of 
stability, but now the tower shows a nonlinear load-
displacement-relation in the pre-buckling phases 
because of cracking of concrete in the windward 
meridian section. Snapping-through occurs at a load 
level about 30% less that considering linear elastic 
material behaviour. The corresponding 
displacement pattern shows a completely different 
behaviour both in the pre- and in the postbuckling 
range. The cracking of the shell in the windward 
meridian section and as well of parts of the upper 
ring beam lead to buckling in the flanks of the 
structure sideward to the windward meridian.  
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Figure 7. Discretization, original thickness and given reinforcement ratio (on one side) of the cooling tower Grand Gulf
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In case of high strength concrete this behaviour 
does not differ significantly. But, because of 
smaller ductility, the post-buckling range is now 
characterized by considerably less displacements 
till total failure. 

Additionally, the analysis was performed applying 
the approach presented in section 4.4. Under 
consideration of the damage state near to the failure 
state a reduction of about 50% against the classical 
buckling factor is observed. Within this analysis the 
damage induced displacements growth is not 
considered. The detailed results of this example are 
given in [1]. 

Result: The presented nonlinear algorithms are 
suitable for practical application to large scale shell 
structures. The consideration of material 
nonlinearity yields buckling loads, which are 
approx. 70 % lower in comparison to those of a 
linear elastic analysis. Because of a nearly linear 
pre-buckling behaviour of a linear elastic analysis 
the reduction as well is about 70 % lower the 
classical load via eigenvalue analysis. Thus the 
retention of a high safety factor, like γ = 5.0 acc. 
DIN 1045, ed. 1988, is still justified. It as well 
includes further reductions of the buckling limit due 
to imperfections, creep, shrinkage, etc. The 
derivation of buckling loads via classical eigenvalue 
analysis will only provide an acceptable approach  

of the real critical load if the structural behaviour in 
the pre-buckling state is nearly linear.  

6. CONCLUSIONS 

It has been demonstrated that the consideration of 
material nonlinearity may have a significant 
influence on the stability of reinforced concrete 
shells. Both in case of bifurcation (axially 
compressed shell panel) or snap-through (cooling 
tower), the relevant load limit can be down to 30 % 
of the results of a linear elastic analysis. This 
justifies the retention of high safety margins when 
performing classical stability proofs. 

The use of high-strength concrete does not change 
the phenomenology of the stability behaviour. The 
advantage of higher strength and greater stiffness 
can be credited only within certain limits, as the real 
design of shell structures demands for minimum 
shell thickness, due to concrete cover in order to 
avoid corrosion of reinforcement. Thus buckling 
failure does not seem to be probable, the probability 
of buckling failure seems to be low. Nevertheless, 
the combination of high strength concrete with 
textile, glass or carbon reinforcement [5] might lead 
to a minimized wall thickness of curved shells. 
Then the consideration of initial damages will get 
more importance, and the presented algorithms 
might allow a realistic approach of the expected 
stability phenomena. 

 

0.0 -0.2 -0.4 -0.6 -0.8 -1.0 -1.2 -1.4 -1.6 -1.8 -2.0 -2.2 -2.4

4.8

8.0

6.4

3.2

1.6

0.0

11.2

9.6
λ=9.40

λ=8.94

λ=2.70
λ=3.10

normal strength concrete / linear

normal strength concrete  / nonlinear

high strength concrete  / linear

high strength concrete  / nonlinear

lo
ad

 fa
ct

or
 [-

]

horizontal displacement in  [m] at     = 0° and z = 89.63 mΘ

(G+W)λ 

 
Figure 8. Load-displacement-curve of different analysis of the cooing tower Grand Gulf 
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